Abstract. The main object of this note is to study the conormal module M and the computation of the second symbolic powerḡ (2) of an idealḡ in the residue ring O/h of a polynomial ring O over a field of characteristic zero. The torsion part T (M ) of M and the torsion free module M/T (M ) are expressed by the primitive ideal of g relative to h. Two characterizations for M/T (M ) to be free are proved. Some immediate applications are worked out.
Introduction
Let h ⊂ g be two ideals of a polynomial ring O over a field k of characteristic zero. Letḡ := g/h be the image of g in O/h under the canonical projection. The main interest of this article is to study the conormal module M :=ḡ/ḡ 2 and the second symbolic powerḡ (2) ofḡ. The connection between M andḡ (2) is established by the primitive ideal of g (relative to h), which was introduced by Siersma-Pellikaan [10, 11] and generalized to relative version in [5, 6] .
In general, O/h is not regular, so the O/g module M is neither free nor torsion free even if both h and g are complete intersections, and the projective dimension ofḡ is not finite. Especially, no generating set ofḡ forms a regular sequence. Then the following questions would be interesting. a) Find descriptions of the torsion part T (M) of M, calculate the length (when it is finite) of T (M); b) Find descriptions of the torsion free module N := M/T (M) and conditions on the freeness of N. In commutative algebra, there is a question by Vasconcelos on how to compute effectively the symbolic powers of an ideal in a residue ring of a polynomial ring [14, 16] . It follows from [6] that the second symbolic power ofḡ is the image of the primitive ideal of g in the residue ring. We give a precise expression ofḡ (2) under some assumptions. What brought our attention to these questions is the studying of functions with non-isolated singularities on singular spaces. In general the ideals h ⊂ g define two subvarieties X ⊃ Σ of C n if k = C. The primitive ideal of g collects all the functions whose zero level hypersurfaces pass through Σ and are tangent to the regular part X reg of X along Σ ∩ X reg . If we supply X with the so called logarithmic stratification [12] , then the primitive ideal of g consists of exactly all the functions from g whose stratified critical loci on X contain Σ (cf. [5] ). Hence, locally the primitive ideal plays a similar role to the second power of the maximal ideal of the local ring O C n ,0 in singularity theory. In order to study the topology of the Milnor fibre F f of a function f with singular locus Σ, we use a good deformation (the Morsification) f s of f . This f s has relatively simpler singularities than f . The existence of the good deformation and related invariants (both topological and algebraic) have close relationship with M, T (M) and N. Roughly speaking, the freeness of N implies the existence of the good deformation [5] . The length of torsion module T (M) (when it is finite) gives some information on how Σ sits in X (cf. [7] ).
Under some conditions, we answer the questions a) and b). More precisely, after some descriptions of T (M) and N, we mainly prove the following (see also 
where p := grade h, n := grade g.
As an application, in the last section we study lines on a variety with isolated complete intersection singularity. More applications to the general deformation theory of non-isolated singularities on singular spaces will be given in the sequel papers.
Primitive ideals
Let O be a commutative ring and k ⊂ O be a subring. Let Der(O) denote the O-module of all the k-derivations of O. For an ideal h ⊂ O, define
Remark 2. This definition is a generalization of [10, 11] , and was generalized to higher order relative version in [6] . And under general assumptions (cf. Proposition 4), it was proved in [6] that the primitive ideal of g relative to h is the inverse image in O of the second symbolic power of the quotient ideal g/h ⊂ O/h.
Some basic facts about the primitive ideals are collected in the following lemma. (1) h g is contained in g and contains h and g 2 ; 
Consequently, we have the following exact sequence
where N := g/ h g.
Proof.
In the following we usep to denote the image of an ideal p of O in the residue ring O/h. We first prove that
is a module over local ring R := (O/h)p. Since R and R/ḡp are regular, gp is generated just by a part of the regular system of parameters {g 1 , . . . , g d }. (cf. [9, Theorem 36]). We may also assume that g is prime. It follows from [4] thatḡ 2 p =ḡ (2) p , the second symbolic power ofḡp. By [13] , 0ḡp =ḡ (2) p . Hence T is annihilated by a power of J (g)J (h).
For anyā ∈ T (M), letβ ∈ O/g be a non-zero divisor such thatβā =0. By taking representative, we have βa ∈ g 2 + h. For any ξ ∈ Der h (O), we have ξ(βa) ≡ βξ(a) mod g. Since ξ(βa) ∈ g, hence ξ(a) ∈ g, and a ∈ h g.
Lemma 5. Let g be a radical ideal of a commutative noetherian ring O. Suppose that g is generated by an
Proof. We use the fact: For two ideals J ⊂ I with I radical and
P i be the unique minimal prime decomposition of g. Let Q ∈ Ass (g/g * ). By definition, there exist 0 =x i ∈ O/g and 0 =ȳ ∈ g/g * such that
and
P i = g, which implies that y ∈ g * , a contradiction. We may assume that Q ⊂ P 1 .
On the other hand, since Ass (g/g * ) ⊂ Ass (O/g * ) and rad(g
P i . It follows from [1, (1.11)] that Q ⊃ P i for some 1 ≤ i ≤ r, which implies
P i is the minimal prime decomposition of g. 
Proof. It is obvious that g * ⊂ h g. It was proved in [6] that O/g and O/ h g have the same associated ideals. By Lemma 3 and 5, neither g * nor h g has embedded primes and these two ideals have common radical g. We only need to prove they are equal locally at any associated prime p of O/g.
is contained in (g/h)p, where we useẽ to denote the image of an element e ∈ O (resp. Der h (O)) under taking modulo h and localization atp. In other words,
where the last equality follows from Lemma 3 and [13] . By the assumption (2), we have ((a t+1 , . . . , a n )/h)p ⊂ ((g t+1 , . . . , g n )/h)p , which implies that (a t+1 , . . . , a n ) p ⊂ g p .
Thus, we proved that (g
Corollary 7.
Under the assumption of the Proposition 6, N is a free O/g-module with the imagesĝ t+1 , . . . ,ĝ n of g t+1 , . . . , g n as basis, and M ≃ T (M) ⊕ N.
Proof. We only need to prove thatĝ t+1 , . . . ,ĝ n are O/g-linearly independent. Suppose there are someβ t+j ∈ O/g such thatâ :=β t+1ĝt+1 + · · · +β nĝn = 0 in N. By the expression of the primitive ideal in Proposition 6 and taking representatives, we have a ∈ (g t+1 , . . . , g n )
2 , from which and the assumption on g, it follows that β j ∈ g.
Let g be generated by an O-regular sequence: g 1 , . . . , g n . Assume that there exist an integer 0 ≤ t ≤ n and non-zero divisorsβ 1 , . . . ,β t ∈ O/g such thatβ 1ĝ1 , . . . ,β tĝt are zero in M as an O/g-module. Namely β 1 g 1 , . . . , β t g t ∈ g 2 + h, where β i g i is the representative ofβ iĝi .
Let {h 1 , . . . , h p } be a minimum generating set of h. Denote
where T means the transposition of the matrix indicated.
Let A and B = (B 1 . . .B 2 ) be the matrices such that Λ
Note that g/g 2 is a free O/g-module. We haveΛ =C 1 ,C 2 = 0 in O/g. From this we obtain the following lemma similar to the implicit function theorem.
Lemma 8. Let g be a radical complete intersection ideal of O, then detC 1 = detΛ = β 1 · · ·β t is a non-zero divisor in O/g and consequently rank (B 1 ) ≥ t and t ≤ p.
Freeness of N and the primitive ideal
Let h ⊂ g be complete intersection ideals of O = k[x 0 , x 1 , . . . , x m ], a polynomial ring over a field k of characteristic zero. Assume that the Jacobian J (h) is not contained in any minimal prime of O/g. Let p := grade h, n := grade g. If g is radical and generated by an O-regular sequence g 1 , . . . , g n , we can choose the minimal generating set {h 1 , . . . , h p } of h such that (with changing of the generators of g if necessary):
where t is an integer 0 ≤ t ≤ n, b ij / ∈ g \ 0, and for each j, (b 1j , . . . , b pj ) = 0 in (O/g) p , (otherwise one could lower t). Denote B := (b ij ).
Lemma 9. Under the assumptions above, we have
(1) t ≥ p; (2) There exists at least one maximal minor of B which is non-zero divisor in O/g.
Proof.
Since h is a complete intersection, the Jacobian J (h) of h can be generated by h and the p × p minors of the Jacobian matrix J(h) of h. Since each of these minors, say ∆ j 1 ,... ,jp , is the determinant of BG j 1 ,... ,jp modulo g, where G j 1 ,... ,jp is the t×p submatrix of J(g), consisting of the 0 ≤ j 1 < · · · j p ≤ m columns of J(g), the Jacobian matrix of g. Suppose t < p, there would be, det(BG j 1 ,... ,jp ) ≡ 0 mod g. This is impossible since we assume that J (h) is not contained in any minimal prime of O/g. This proves (1). = (g 1 , . . . , g p ) + (g p+1 , . . . , g n ) 2 ;
5) there is a length formula if it is finite
We call λ(h, g) the torsion number of the pair (h, g). When h and g are clear from the context, we write λ for λ(h, g).
Proof. Since t = p and b is a non-zero divisor, one can see thatĝ 1 , . . . ,ĝ p ∈ T (M) by multiplying B * to the both sides of (4.1) , where B * is the adjoint matrix of B. Sinceĝ 1 , . . . ,ĝ n generate M over O/g and (3.1) is exact, π(ĝ p+1 ), . . . , π(ĝ n ) generate N. If there is a relation:β p+1 π(ĝ p+1 ) + · · · +β n π(ĝ n ) = 0 ∈ N, thenβ p+1ĝp+1 + · · · +β nĝn ∈ T (M). This means that there is a non-zero divisorβ ∈ O/g such that β(β p+1ĝp+1 + · · · +β nĝn ) = 0 ∈ M. By taking representatives, this simply means ββ p+1 g p+1 + · · · + ββ n g n ∈ g 2 + h. Hence there are µ 1 , . . . µ p ∈ O such that
By (4.1), this becomes
where µ
. . , g n form an O-regular sequence, we haveββ j = 0 in O/g. Note thatβ is a non-zero divisor, henceβ j = 0 in O/g. This proves 1) and 2).
For each prime p ∈ Ass (O/g), Np is also free with the images ofĝ p+1 , . . . ,ĝ n as basis. Then 0ḡ p =ḡ 2 p sinceḡp is a reduced complete intersection in (O/h)p and p is in the regular locus of O/h by the assumption. Since (O/h)p is regular, by Vasconcelos' Theorem [15] ,g p+1 , . . . ,g n is an (O/h)p-regular sequence, and they generatedḡp by Nakayama lemma; 4) follows from Proposition 6. For the length formula, note that
.
It is easy to see that . . . , g p ) 2 + (g 1 , . . . , g p )(g p+1 , . . . , g n ) is a free O/g-module. Since b is a non-zero divisor, the following sequence is exact . . , g n , generating g, such that
we can choose the generators h 1 , . . . , h p of h such (4.1) holds with t = p and b a non-zero divisor in O/g;
Proof. Let the imagesĝ t+1 , . . . ,ĝ n of g t+1 , . . . , g n ∈ g generate N over O/g, where t := n − rankN. For any p ∈ Ass (O/g), by the assumption, p is in the regular locus of O/h, and Np is again a free module with the images ofĝ t+1 , . . . ,ĝ n as basis. By Vasconcelos' theorem (cf. [15] ), the imagesg t+1 , . . . ,g n of g t+1 , . . . , g n in (O/h)p form an (O/h)p-regular sequence. Andḡ
Hence the images of h 1 , . . . , h p , g t+1 , . . . , g n in O p form an O p -regular sequence, where h 1 , . . . , h p form a minimal generating set of h. However, since h ⊂ g ⊂ p, we have
Extend g t+1 , . . . , g n to an O-regular sequence: g 1 , . . . , g n , such that they generate g. Thenĝ 1 , . . . ,ĝ n generate M over O/g. We look for the generating set of T (M). Let
Hence by (3.1),ĝ
Note thatḡp is also a complete intersection ideal in the regular ring (O/h)p, and we have p = t in (4.2). By actually [13] and [4] ,
By Nakayama lemma and (4.2), we haveḡp = (g p+1 , . . . ,g n ). By Proposition 6, we have 2).
Since h ⊂ g, we have
Remark 12. Combining the conclusions in Corollary 7, Proposition 10 and 11, one sees that the Main Theorem is proved. Moreover, either of the equivalent conditions in the Main Theorem is equivalent to 3) in Proposition 11.
Example 13. Let h be defined by h := x 3 + xy 3 + 2x 2 z + 2z 2 = 0, g be defined by
Notice that h is not weighted homogeneous. So it is not easy to find the generator set of Der h (O). Then we have the same problem for h g. If we denote g
, where x is a non-zero divisor in O/g. By Proposition 10, we have:
• T (M) is generated by g
The following example shows that it is not necessary for T (M) to be generated bȳ g i when t > p.
Example 14. Let g = (g 1 , g 2 ) with g 1 = xy, g 2 = z and h = (h) with h = x 2 y +yz +z
2 y, yz, z 2 ) (see Example 17 for this formula) and
And N is not a free O/g-module.
Lines on spaces with isolated complete intersection singularities
We include some applications of the theory to lines on a variety with isolated complete intersection singularity. Let O be the polynomial ring C[x, y 1 , . . . , y n ] or the convergent power series C{x, y 1 , . . . , y n }. Let Σ be a line in C n+1 defined by g. Define Σ K := R Σ ⋊ C, the semi-product of R Σ with the contact group C (cf. [8] ), where R Σ is a subgroup of R := Aut(O) consisting of all the ϕ ∈ R preserving g. This group has an action on the space mgO p . For h = (h 1 , . . . , h p ) ∈ mgO p , there is an ideal h generated by h 1 , . . . , h p , and a variety X = V(h). The image of the differential of h: O Remark 19. In general, given an analytic space germ (X, 0), one cannot find a smooth curve L ⊂ X that passes through and is not contained in X sing . However, if there are smooth curves on X in the above sense, how to distinguish them is a problem. We found that the torsion number λ is a nice candidate for this purpose [7] . In studying the Euler-Poincaré characteristic χ(F ) of the Milnor fibre F of a function with singular locus a smooth curve on a singular space, we found that this λ also appears in χ(F ). Note also that the torsion number was generalized to " higher torsion numbers" in [6, 7] .
